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1 Introduction 



In 1999 a new type of solution to the five dimensional gravity equation was found by L. 
Randall and R. Sundrum pQ. However, its relation to other solutions, such as the ordinary 
De Sitter solution, or its implication to the cosmological constant problem [2] has not been 
understood. Part of this work is devoted to clarifying this issue. 

Let us consider the Einstein equation with the dimension N ^ 6 and with the cosmological 
constant Xn without matter. The value of A a? can be positive, negative or zero. We search 
for a solution in which the time direction (x ) and one of the space directions in the extra 
dimension (x 5 ) (4 is reserved for x 4 = ix^) are treated differently from the other directions 
x^ (/i = 1, 2, 3) or Xi {i ^ 6). Namely, we have a set of equations for the Ricci tensor compo- 
nents (/i, v = 0, 1, 2, 3), R^i (/i = 0, 1, 2, 3, i ^ 5) and Rij (i, j ^ 5) and we search for a 
solution where we can treat xq and £5 differently from the others. 

What we find is the following: 

(1) A > usual expanding solution 

(2) A < warp solution of Randall- Sundrum type 
(without 5 function source in the equation) 

(3) A = some dimensions expand, but other dimensions may expand, shrink 
or stay the same. 

We also find that the solution of A > is dual to the solution of A < and so we can get one 
from the other by exchanging some variables. In particular, Euclidean time and Minkowski 
time play a dual role in these solutions. 

In the absence of the 5-function source term in the equation, the Randall- Sundrum solution 
can be interpreted as the five dimensional vacuum solution in which five dimensional vacuum 
energy exists, but the four dimensional spacetime is flat. This gives a clue to understand why 
the large supersymmetry breaking may not result in the equally large vacuum energy: five 
dimensional vacuum energy is large and negative, but the four dimensional spacetime is flat. 
It is our view that this is the most important aspect of the Randall-Sundrum solution. 

The geometry and the matter distribution must be self-consistent in a model where no 
arbitrary cosmological constant is allowed since the vacuum energy completely determines the 
cosmological constant and the latter determines the geometry of the vacuum at the classical 
level. 

Supersymmetric models can guarantee the absence of the arbitrary cosmological constant 
and also the absence of vacuum energy. The supersymmetry breaking implies the appearance 
of the vacuum energy. The problem is to calculate it explicitly. 

As long as the energy is four dimensional, its value seems to be too large to accomodate the 
experimental value of ~ 0.01 eV [3J. By making the energy five dimensional, we can keep the 
four dimensional part flat, as the Randall-Sundrum solution suggests. We construct an explicit 
model which accomodates this situation. 
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Following string theory or M-theory, we start from the pure E(8) gauge theory, but the 
actual gauge symmetry we consider is the SU(3) x E(6) which we obtain by breaking the E{8) 
group in an appropriate manner. We assume the matter fields (including gauge and chiral fields) 
are localized on a Euclidean time ® four dimensional spacetime Ms. Then the supersymmetry 
breaking gives rise to the five dimensional cosmological constant. The supergravity multiplet 
can lie on the bulk, but we assume there is no supersymmetry breaking in the bulk (massless 
gravitino). The vacuum solution in the bulk, therefore, is given by the solution of the Einstein 
equation with A = 0. The bulk spacetime is given by M 4 (g> C3 where C3 is a cylinder with its 
axis as Euclidean time and M4 is our usual spacetime. We regard M4 <g> C3 is a fibre space in 
the M-theory bundle with some Ricci flat Kohler manifold as the base. The localization and 
the chiralization of some of our matter fields must be the consequence of some singularity in 
this manifold [I]. 

We address the question of how we obtain the finite value for the four dimensional cosmo- 
logical constant which was observed by WMAP or SDSS. The perturbative energy, such as the 
zero-point energy or its gauge corrections, may be of five dimensional character, but there will 
be an (vacuum) energy source which is purely of the four dimensional character. The instanton 
contribution [5] is an example. We follow the work of Affleck, Dine and Seiberg [6] on this issue 
and explore the possible consequence of its contribution in our model if the instanton actually 
contributes to the vacuum energy. 

The interplay of the SU(3) instanton and the E(6) instanton leads to the fixing of the 
flat direction by giving an increasing or a decreasing potential, respectively. The resulting 
cosmological constant is v 4 exp (— 167r 2 /g 2 (v)) with the v of the Planck scale. The value is 
amusingly consistent with the experimental value when we take a(v) = to be the unification 
coupling constant which is slightly smaller than 1/20 [7j. 

Instanton or not, we assume that no superpotential is allowed unless it is dynamically gener- 
ated, as in the cases treated by Affleck, Dine and Seiberg. We have only three terms in our case 
of SU(3) x E(6) gauge model with (3, 27) and (3, 27) chiral multiplets if the renormalizability 
is imposed. This gives us a means to determine the quark-lepton-Higgs mass directly in terms 
of Planck mass. The essential mechanism is the fixation of the parameters of the flat direction. 

The organization of the article is the following: In section [2] we discuss the solutions of the 
n-dimensional vacuum Einstein equation with A>0,A<0orA = 0. We also discuss the 
emerging geometrical structure of our vacuum spacetime based on these solutions. In section [3] 
we propose a model loosely based on string theory or M-theory. The origin of the cosmological 
constant is the main theme of this section. In section H] we discuss other phenomenological 
consequences of our model proposed in section [31 The quark-lepton-Higgs mass is the main 
topic of this section. Some additional comments will be presented in section [51 
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2 Solution to n-Dimensional Einstein Equation 



Solutions to the n-dimensional Einstein equation are obtained in this section for all the cases 
of A n > 0, A n < and A n = where X n is the n-dimensional cosmological constant. It is shown 
that the A n > solution is dual to the X n < solution. This is due to our ansatz, inspired 
by the Randall-Sundrum solution [lj, that there exists a fifth direction (with the Euclidean 
signature) which plays the role of compact Euclidean time and is dual to ordinary Minkowski 
time. One of the main consequences of this section is the discovery of the non-trivial A n = 
solution. 

For A n = 0, we find a solution in which the usual three dimensional space is expanding, 
but the internal space may be shrinking. This fact enables us to construct a rather realistic 
model in section [3l The vanishing of the four dimensional vacuum energy is related to the 
A n < solution. Our solution in this case is essentially that of Randall-Sundrum, although 
our equation has no 5-function source term contrary to the Randall-Sundrum case. Our A n 
< solution applied to five-dimensions indicates that four dimensional subspace is flat where 
the five dimensional cosmological constant A5 is negative. This means that five dimensional 
supersymmetry can be broken with the negative A5, but the corresponding four dimensional 
subspacetime is flat. The entire matter must be such that it gives the negative A5. Of course, we 
must start from a supersymmetric theory where no arbitrary cosmological constant is allowed. 
All the sources of the cosmological constant must be attributable to vacuum energy. 

We start from the n-dimensional Einstein action without matter, but with the cosmological 
constant. 

£ = 7^~ [ d N+5 xV^9[R + \ N+5 ). (1) 

The metric is chosen to be (— + +••• ). R stands for the scalar curvature and A7V+5 is the 
N + 5 dimentional cosmological constant. 

We put n = N + 5 to indicate that we are treating five dimensional spacetime with the 
metric (— + + + +) differently from the rest. The fifth coordinate, however, belongs to in- 
ternal space and small Roman letters will be used for it just as other internal space coordinates. 

The discussion will be general, but the main interest will be N = 2 case when we build a 
model which is based on M-theory or string theory. 
From ([1]), we get the Einstein equation 

Rmn = ~ _|_ g ^n+5^mn (2) 

where Rmn and 9 MN are ordinary Ricci and metric tensors. 

Let us use small Greek letters fi, v, . . . for p, 1/, p, . . . — 0, 1, 2, 3 and small Roman letters 
i, j, k, I, m, n, . . . for i, j, k, I, m, n, ... — 5, 6, 7, 8, ... , to distinguish ordinary and internal 
spacetime coordinates, i (or j, k, I, m, n, . . . ) = 5 plays a special role as Euclidean time in 
the internal space. 



4 



The first ansatz we make is 



dS — 9 dx dx \~ 9 f-rm dx dec . 
i.e. 9 ^ m . 

We also assume that g^ u is a function of x p (p — 0, 1, 2, 3) and x\ and g mn is a function of 
x*(i = 5, 6, 7, 8,...) and x° = t: 

Q ixv 9 fj,v \X^ , X ) j 
9 mn 9 mn (x \ X t) . 

Eventually, we restrict the x l dependence of to be only for % = 5 (Euclidean time). 

From now on, we use £ l rather than x\ to clearly distinguish external and internal space 
parameters. 



After the standard manipulation we get 

1 d 2 9nn 



R 



fXK 



= R UK + + g*»g lm [r< A r™ - r^r™ ] 



iln 



'1 d 2 g ln 



+ 5 



in 



i Q p n pa _ n pmpp 

2 dx fM dx K ^ M ™ 



iV + 3 



-A 



JV+5 9 ^ K 5 



(3) 



it 



1 r) 2 

75 I 1 nA^ _ 9Xv , q,Ai/ r_n pv pa , q p n pP 1 
lint 



+ <? fa <? 00 [r^r° 



+ 9 



Xv 



2 &r A &r" 



- r° r° i 

fcZ mnJ 



1 



iV + 3 



AjV+5 9 m k 



q p n pp 

^np L k\ L rav 



(4) 



and 



R 



Ilk 





-9 X » 
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d 2 g,u 1 




2 




dx x d£ k _ 


+ 


q\uq rpv per _ 


^kX^Jiu] 


+ 


qXuq \pp pm _ 

V ^mp [J- ^fc 1 v \ 


- 


+ 




pO pO 
1 fci 1 On 




0. 







5° 



Jtg ln 
2 



<9V 



(5) 



Here, T^ N is defined as usual: 



1 MN — 2 



LA" 



dgxN dgxM 



dg 



MN 



dx 



M 



dx 



N 



dx 



K 



(6) 
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R^ K is the Ricci tensor defined in terms of g^ u as a function of x p and R m k is defined in 
of gki as a function of £\ 



Now we proceed to search for a solution of the form: 

3oo = -w (e, t) , 

and 

v = ^ 2 (r. *) v > with ^, ^ = i, 2, 3 

with g^ a three-dimensional flat metric which depends only on x p (/x 



1, 2, 3), and 
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with /i = l, 2, 3. 



This ansatz renders the equation for i? o to be in the following form: 



3R 
~R 



3RW 
2RW 



+ 9 ln 
+ 9 ln 



1 d 2 W 3 aR 2 <W W dlog W d\og W 1 , cW 



+ 



+ zr j 

2 nl d$ j 



d 2 g ln ld\ogWdg nl 



1 



dt 2 4 dt 

Atv+5 . 



dt 



1 gmp ^9ml dg pn 

4 dt dt 



N + 3 

The equation for R^ v (/x, z/ = 1, 2, 3) becomes 



iw) 



2 d^dc 



+ 



+ 4 ^ «9e 

2 dt 

Aat +5 R 2 



2R 2 d£ dC 

1 d log i? 2 9 log R 2 



dR 2 



AR 2 di l df 



2 nZ d£ 



iV + 3 



and the equation for R ^ (/x = 1, 2, 3) is trivially satisfied. 



The equation for R m k reads 



Rmk 



+ 



d 2 W 



+ 



d 2 R 2 



-3 



+ - 



2 d£ m d£ k 2R 2 di m d^ k 
ldlog^dlogW 1 dW 
4 



dlogRdlogR 1 di? 2 



dC df 



- w 



R 2 



di k dc n 

1 d 2 9mk W- 1 

2 dt 2 4 

- 1 d(j m k 



Y n — 
2WdC J 111' 

1 



in 



,y dg mk _ 1 ijdgikdg^n 
dt 4 dt dt 



— 

2 



dt 



1 



iV + 3 



A 



N+5 9mk ■ 



2R 2 dC 
dg n i dg mk dg H dg 

III, 

~di dt dt dt 




The equation for is trivially satisfied, except for the one for R ok which reads 

&\ 3 ni dg nk dR 2 1 ln (d 2 g ln d 2 g lk 

"' AR 2 dt de 2 V^ fc ^ n 

1^ ( fyha o\ogw + <9# fc/ 9 log w 



Here, 



4 V dt ftf dt dC 
0. (13) 



• OR ~ <9 2 i? • cW 

* = ^ft 2 " and W = -flT. 

So far we have not made any assumptions for the metric g k i (£, i). 

In order to obtain the solutions which are mutually dual when we exchange x° — t and £ 5 
coordinates, we make the following ansatz for the internal space metric: 

N+5 

dSj 2 = F(e, t) d^de + G(e, *) e s ln . (u) 

l, n=6 

Here the fifth coordinate plays the role of Euclidean time among the internal space coordinates. 
I in dSi stands for the internal space. We also restrict the dependence of g^ u (£\ x p ) to be only 
on £ 5 and x p . 

With this ansatz the equation for R 00 becomes (using the notation £ = £ 5 ): 
^ _ 3 :5^ F-if 1 & W 3 dR2dw w ( dhgW \ 2 F' 1 OF dW \ 

Kr^F- 1 —— + f-^-— - l dlo & w dF _ Ip-i f^LYx 

A <9£ d£ 1 2 ft 2 4 ft dt 4 \dt J I 

+ 12 dt 2 4 ft ft 4 {dt J J 

= ]v^ A ^^, (15) 
and the equation for i?^ (//, z/ = 1, 2, 3) is: 

- (=^)f } 

(16) 



7V + 3 
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Out of the equations for R m k, Rbk is trivially satisfied and the -R55 equation becomes: 



N x d 2 G N fdlogG\ 2 NdlogFdlogG 



2° d( 2 4 V d£ ) 4 di di 

W~ l d 2 W 3 d 2 R 2 ( fd\ogR\ 2 1 OR 2 ( F' 1 OF 



2 2R 2 l\ d£ J 2R 2 d£ \ 2 ^ 

j 1 / gjogWV W^_dW ( F~ x dF\ l _ ^^-i^-i^G^ 



4 \ ac y 2 di \ 2 a^ y J 4 at & 

1 2 ^ 2 4 St 4 V^yJ 2i? ^ 

A,v +5 F. (17) 



iV + 3 

R m k equation for m, k = 6, . . . , N + 5 is: 



d£\ 2 d£ J 2 \d£ J 4 d£ \ <9£ a£ 

3 i 2 dR 2 dG W- x F~ x dW dG 
+ 4 ~W~dJ + 4 "^faf 

a \dt) \2 ot 2 4 at 

- "-R-^ d 4-\w-^ d 4 d 4 

2 dt 4 ^ at 



iV + 3 

Finally, the only non-trivial equation out of the equations for R ok (equation (fT3|) ) is for R 05 
which reads: 

3 2 d 2 R 2 3 d log R 2 d log R 2 3 a log R 2 d log W 

2 ata^ ~ I at a^ I at a£ 

N x d 2 G _ NdlogGdlogG _ NdlogFdlogG 

+ ~2 didt~l^~dt at T - at ay - 
3 aiogi? 2 aiogF A^ aiogGaiog^ 
I a^ at T - at a^ 

= 0. (19) 

We can now easily check that the i?oo equation is equivalent to the -R55 equation under the 
following changes: 

t < — ► £, F < — ► W, G < — ► R 2 and A(7v +3 ) +2 < — ► -A(at +3 )+2 (20) 
with iV <-> 3 in the coefficients of each term. 

This is the consequence of the ansatz made in equation (fl4j) . We note the change of the 
sign of the cosmo logical constant, implying that we get the anti-De Sitter solution by the 
transformation of equation ( 1201) (which may be called the space-time dual transformation) 
from the De Sitter solution. 
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Likewise, the equation and the R m k equation are dual with respect to each other. The 
i?05 equation is self-dual under the transformations (|20|) . 



Let us discuss the three cases, (1) A > 0, (2) A < and (3) A = 0, separately: 



(1) A > 

In this case we have an expanding solution of the form 

W = W (constant) , F = F e pt , 

R 2 = R 2 e ct and G = G Q e 5t . (21) 
We obtain the following equations from i? 00 , R 55 , R^ v and R m k equations respectively, 

I c2 + > 2 + T* 2 = ^W^, (22) 
If + !L S/3 + = _L_ X N+5 W , (23) 

and 

jS 2 + ~c5 + \(35 = X N+5 W . (25) 

R 05 equation is trivially satisfied. 

From equation (|22|) . we see that \n +5 W > which means \n+5 > (Wo < is just the 
redefinition of time direction. We can always take Wo > 0). An obvious solution to ([22"]) . 
(T23D, ([21 and ([IS]) is c = (3 = 5 and 

^ + 4 2 1 x T „ 



(2) A < 



We get the following warp solution: 

F = F (constant) , W = W e K , 

G = G e^ and R 2 = R 2 . (26) 

In fact, this can be obtained from the A > solution by the dual transformation (1201) 
with the following parameter change: 

(c, P, 6, W , R 2 , A, 3, TV) ^ (7, b, d, F , G , -A, A, 3) . 

What we have achieved here is the proof that the expanding solution in the De Sitter case 
(A > 0) is dual to the warp solution in the anti-De Sitter case (A < 0). 
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The most important property of this warp solution is the flatness of four dimensional 
spacetime. This is the property shared by the Randall-Sundrum solution which corre- 
sponds to the five dimensional Einstein equation with the 5-function source term. 

We will be utilizing this property in model building where supersymmetry is broken in 
the five-dimensional theory, but leaves the four dimensional spacetime part flat. The 
bulk space in our model admits only the supergravity multiplet and no supersymmetry 
is broken leading to A = in the bulk. 

The vacuum solution in the bulk is then given by the solution with A = 0. No 5-function 
source term will be created from the matter in the five dimensional subspace where the 
matter exists because we impose the equation of motion, unlike in the case of Randall- 
Sundrum, both in the bulk and in the five dimensional subspace with matter. 

(3) A = 

Let us consider what happens to the A = case which we assume to happen in the bulk. 

One might suspect that we will get only a trivial solution (constant) in this case. Instead, 
we have the following form of non-trivial solution: 

F = F e at+b t , W = W e at+b t , 
i2 2 = i^e d +« and G = G e 5t+ ^ . (27) 

We get the following equations from R 00 , i? 55 , R^ v and R m k equations respectively: 

lc(c-a) + ^5(5-a) = b (3d + NTT) , (28) 

^l(l-b) + 3 -d(d-b) = ^^a(N5 + 3c), (29) 

| (3c + NS) = d {3d + Nl) , (30) 

I {Nl + 3d) = ° 4 ° 5 {N5 + 3c) . (31) 
We can check that i?05 equation gives an identity. 

In terms of v 2 = F^Wq we get 

5 — vl and c = vd . (32) 

This means 

R 2 = R 2 e c(tHM and G = Goe ^H/v)_ (33) 
The relation between c and 5 can be given by 

N5 2 - Nad + 3c(c - a) = (34) 
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where a = a + vb. 

If we assume c > (expanding universe), we get either 5 > or 5 < 0. 5 = is realized 
when c = a. The internal space, therefore, can expand, shrink or stay in the same size. If c = 
(Minkowski case), 5 is either positive or 0. 

The following image for our vacuum geometry emerges. Let us consider, as an example, the 
internal space to be a cylinder C shown in fig.[H with A and A' identified (whole bottom is 
identified with the top). 

A four dimensional spacetime M 4 is attached to every point in the cylinder. Our total 
spacetime is M 4 x C3. 




Figure 1: A cylinder C3 as the internal space 

As in the case of supersymmetric deconstruction theory [8], we associate gauge multiplets 
and some of the chiral multiplets on the one- dimensional line AO A'. Vacuum energy will exist 
along this line, due to these multiplets and the resulting breaking of the supersymmetry. 

Let us assume this vacuum energy to be negative. Then the vacuum solution on M 4 x AO A' is 
given by the five dimensional warp solution, and the corresponding four dimensional spacetime 
M 4 will be flat, no matter how we break the supersymmetry, as long as the five dimensional 
vacuum energy is negative. 

The bulk space has nothing but supergravity. The vacuum solution in the M4 x (cylinder — 
lineAOA') will be given by our n-dimensional vacuum solution with A = if the supergravity 
sector remains supersymmetric. 
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3 A Possible Model which is Consistent 
with the Solution of the Previous Section 



We describe a model in this section which is implied by our n-dimensional gravitational 
solutions of the last section. If we start from M-theory and compactify the four dimensional 
part as a manifold (K) of Ricci flat and Kohler, the rest of the seven dimensional spacetime 
will be regarded as fibre space with K as the base space [9]. 

There is a possibility that some of the chiral multiplets are localized in the fibre space, 
depending on the singularity of the space K. We assume that this fibre space is M4 x C3 where 
M4 is the four dimensional spacetime and that localization leads to the M4 x AO A' as the space 
where matter can exist. 

The AO A' axis of the cylinder C3 admits the supersymmetry breaking naturally because 
the compact space with a certain discrete symmetry is known to lead to these breakings. In 
the case of supersymmetry it is the Sherk-Shwartz mechanism [10J (although they considered 
£7(1) rather than discrete symmetry). It is the boundary condition mechanism [ITJ in the case 
of gauge symmetry. Our discrete symmetry is just the periodicity (A ~ A'). 

A crucial observation is that most of the supersymmetry breaking in five dimensional space- 
time lead to the five dimensional vacuum energy, rather than the four dimensional one. We 
have Xg^u (/-t, v = 0, 1, 2, 3, 5) , rather than \g^ u (fi, v = 0, 1, 2, 3) in the vacuum Einstein 
equation. For example, zero point energy density is given by: 

j^(\/ m2 B+P 2 -^ m2 F + P 2 ) . (35) 

The five dimensional part may become the sum, rather than the integral, but it is still five 
dimensional vacuum energy and it will contribute to the five dimensional cosmological constant. 

The interaction energy is the correction to the zero point energy in the perturbative calcu- 
lation. It also will contribute to five dimensional vacuum energy. 

There is a different kind of vacuum energy which is of the four dimensional nature. The 
instanton contribution will be of this kind, if it exists. We explore this possibility later in this 
section. 

We now start from the low energy effective theory in string theory, i.e. the pure E 8 gauge 
theory. The adjoint representation of E s can be branched into the SU(3)<S)E(6) representations 
in the following way [T2] : 

#248 = (1, 78) + (8, 1) + (3, 27) + (3, 27) . (36) 

We assume that (1, 78) and (8, 1) remain as five dimensional gauge fields of E(6) and SU(3) 
and lie on the line AO A'. On the other hand, (3, 27) and (3, 27) are assumed to turn into chiral 
multiplets, although the mechanism is not clear. They also lie on AO A'. There is nothing but 
supergravity in the bulk. This means that the bulk vacuum solution is provided by the A = 
solution of the previous section. We, therefore, have the massless gravitino in our model. Our 
internal space may stay the same size or may be shrinking. We briefly discuss this issue later 
in this paper, but it requires further investigation. 
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Each 27 corresponds to a generation of quarks and leptons of sixteen dimensional repre- 
sentation of SO (10), one generation of Higgs in the ten dimensional representation and one 
singlet [13]. We also have the three generation of quark-lepton like and Higgs like objects in 27 
representations. 

In general, vacuum energy is composed of (1) classical (minimum of potential) energy which 
is zero in our case, due to supersymmetry, (2) the usual zero point energy J d n p(EB — Ep), 
and (3) the interaction energies which are created by the supersymmetry breaking. These three 
vacuum energies will give a Xg^ u (fi, v = 0, 1, 2, 3, 5) term to the five dimensional Einstein 
vacuum equation and the four dimensional part will remain flat if A < 0. However, we also 
expect the existence of four dimensional vacuum energy which gives A g^ v (p, v = 0, 1, 2, 3) if 
the energy is purely of four dimensional nature. An example may be provided by the usual 
instanton. 



Let us expand the generic five dimensional field into normal modes: 

s (x M , f)=5] a« cos (^r-n) (37) 

n=0 V ' 



or 



<t>a(x»i = E b n sin (^fn) (38) 

n=l V ' 

with /i = 0, 1, 2, 3. 

Here, the point A corresponds to £ = L and the point A' to £ = —L. Only <ps has the 
massless mode. We derive an effective four dimensional theory by retaining only the massless 
mode. 

This theory will be the SU(3) <&E(6) gauge theory with (3, 27) and (3, 27) chiral multiplets. 

The questions to be asked regarding this four dimensional theory are: 

1. Is it possible to generate a superpotential from the gauge interaction? 

2. Is supersymmetry broken? 

First of all, we notice that the most general form of the possible superpotential derived from 
gauge interations takes the following form: 



S = C I d 2 6f(HH, A) (39) 

where 



H 
H 



(/i, p) Q^QIQ 



k 

P ' 
V 
k i 



(40) 
(41) 



and 



(42) 
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Here stands for (3, 27) quark-lepton-Higgs p3] with i for SU(3) triplet and // for E(6) 
27-plet. c(/i, is, p) is 27 x 27 — > 27 Clebsch- Gordon coefficient. is the (3, 27) quark-lepton- 
Higgs. There exists anormaly free Uy(l) symmetry where Q and Q transform with the opposite 
phases. This allows only HH as an invariant. 

We notice that H reduces to the form: 

£ijk QieQwQio (43) 
in the SO (10) notation. This is nothing but the usual lepton-quark-Higgs coupling in 5*0(10). 

Is it possible to restrict further our formula for superpotential? To study this we follow the 
work of I. Affleck, M. Dine and N. Seiberg |6j to see if in this case we have non-anomalous 
R-symmetry. 

The Lagrangean of our model is 
1 



'(3,27) 



J d 2 6d 2 6 (g{ 3 27) exp(lOQ (3 ,27) + Q(3,27) exp(-V)Q\ 
+ \J d 2 9 (W S u(3)W su{3) + W m W m ) 

+ ^Jd 2 9(W su{3) W su{3) +W E{e) W E{e) )j (44) 
in the notation of Wess and Bagger 



For simplicity we assumed here a common coupling g 2 for E(6) and SU(3) at the Planck 
scale, but it does not have to be precise, as long as they are close to each other. We also note 
that due to the existence of (3, 27) we have a trivial flat direction similar to the case considered 
in [6]. Phenomenologically, we must keep SU(3) C x U(l) em unbroken in the flat direction, but 
otherwise it is arbitrary. 

Let us consider the following most general form of R-symmetry: 

W sui3) (6)=e- ia W su{3) (9e ia ), (45) 

W m (9)=e~ ia W m (9e ia ), (46) 

Q(6) =e^Q(6e ia ), (47) 

and 

Q(0) = e ip Q(6e ia ). (48) 
From the triangular diagram which contains E(6) gauge bosons as two external legs we get 

a + 3(3 = . (49) 

Here we used the Dynkin index [12] for 

E(6) : V 78 = 24 and V 27 = 6 . 
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From the diagram with 577(3) legs we get 

8a + 9(3 = 0. (50) 

The equations ( )49|) and ( |50l) are not compatible unless a = (3 = 0. There seems to be no 
way to restrict the form of 5* (equation ( 1391) ) further. 

We consider the physics of Planck scale and contemplate what kind of dynamics will produce 
the superpotential of the form (139]) . Although it is not clear at this stage whether the instanton 
contribution can give rise to the form ( |39l) . it is worthwhile considering the consequences that 
we get, in case it does. 

We note that we have two kinds of instantons in our model: E(G) and SU(3). Each instanton 
will lead to the superpotential of the form: 

S = c A3-6a-26 J (jjjjy ^fe ? ^ 

where A is a dynamically generated mass and c is a dimensionless constant. The mass term 
from the single instanton contribution has the form: 

m = c'v exp (— 8n/g 2 (v)) , (52) 

which should be identified with 

m = cv(-) , (53) 



from equation fl5T|) . Here v stands for an averaged value of the vacuum value of the scalar 
component of i.e. (A 1 ). 

The general formula for the running coupling reads: 

1 XI 
g z {v) g Z {A) 1d7t A 

where n\ and /j,r stand for Dynkin indices for the adjoint representation and for the represen- 
tation R of the chiral multiplet with Nr generations, respectively. 
From this and equation f[5"3"l) we get 

m = c'v exp (-8n /g (A)) (^-J (55) 

Substituting the Dynkin indices and Nr for E(6) or SU(3), we get 

m 6 = c' 6 v exp (-8tt 2 /^(A)) (-) (56) 

for E(6), and 

/ v \ + 18 

m 3 = c>exp(-87r 2 /^(A)) [j) (57) 

for SU(3). 

g 6 (A) stands for the E(6) coupling and (73(A) for the SU(3) coupling. The sign of the power 
of {v/A) is the consequence of E(6) theory being asymptotic free but SU(3) being infrared free. 
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The potential which will be derived from our superpotential has two terms, one from E(6) 
and one from SU(3): 



V = (ml + m 2 3 )v 2 

f V \ — 32 / y \ 40 

exp (-16tt 2 /^(A)) [-£) +^exp(-16vr 2 /^(A)) [j 



A 4 



(5? 



where a; is a numerical constant. 

The most amusing property of this form is that it has a minimum at 

32 \ 1/72 (2nW 1 



A \40u>J * 1 9 \g!(A) gi(A) 
More precisely, we have V = V (v l ) and 

dV 



ex P <-iT 727TT-727TT ( 59 ) 



(60) 



which fixes the flat direction. Therefore, the flat direction is no longer flat, but it is determined 
in a non-trivial way. 

#3 and #6 have the same value at the Planck scale (E 8 unifidcation) . We, therefore, have 

91(A) < 91(A) 

for A -C Planck scale. The right hand side will be very large and we expect v to be of the order 
of Planck scale. 

The value of the 'cosmological constant' is, therefore, given by 

*(v 



A 4 t; 4 exp [-16tt 2 /^ 

;exp[-167r 2 /(7 2 (m p )] (61) 



where m p is the Planck mass. From this we have 

,2 



a(m p ) = 9 -^- = Tr/log^A. (62) 



WMAP value [5] of A = 0.01 eV and m p = 10 28 eV provide us: 

a (m p ) ' 



20.5 



The current value for the unification coupling is a = 2g j_ 3 [Z] in remarkable agreement 
with our value, considering the very sensitive dependence of A on g 2 (m p ). 

Let us compare the SU(N) case with Nf = N — 1, considered in reference [H] to our case: 
We will give special attention to the number of fermion zero modes. 
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SU (N) with N — 1 generation of TV and TV quarks 



(1) number of fermion zero modes when (Aj) = 



gaugino 


quarks and ant i- quarks 


2N 


2 x (N-l) 



(2) number of particles which gain mass with (Aj) = Vi 



gauge 


quarks and ant i- quarks 


N 2 -l 


N 2 -l 



This means that out of all the quarks and antiquarks 

2iV(iV - 1) - {N 2 - 1) = (N - l) 2 
quarks and antiquarks remain massless. 

Out of 2N gaugino zero modes 2(iV — 1) will couple with the 2(N — 1) quark- ant iquark 
zero modes. 

Finally, out of 2 remaining zero modes, one gets absorbed into the massive quark and one 
remains as zero mode which obtains the mass from the instanton. 



SU(3) x E % case with (3, 27) and (3, 27) when (Ai) = vi = 



(1) number of fermion zero modes 



SU(3) gaugino 


E(6) gaugino 


(3, 27) + (3, 27) 


6 




2 x 27 




24 


6x3x2 



If we assume SU(3) C x U(l) em to be maintained in the flat direction, we find that the 
minimum remaining symmetry out of E(Q) is SU(A). The flavor SU(3) is comletely 
broken. 

We get the following: 
(2) number of particles which gain mass with (A 1 ) = v 1 ^ 



SU{3) gaugino 


E(6) gaugino 


(3, 27) + (3, 27) 


8 


63 


71 
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There are 6 x 27 — 71 = 91 remaining massless quark-lepton-Higgs within (3, 27) or (3, 27). 

The question of how many zero modes survive with the constraint of retaining SU(3) C x 
U{l) em is not clear at this stage. There are 2 x 27 — 6 remaining zero modes in the SU(3) 
case and 12 zero modes in the E(6) case, but we have enough massless and massive modes 
to absorbe them. What we need is exactly the one zero mode for each SU(3) or E(6) 
case which gains either m 3 or m 6 through the instanton. 

Whether this is going to happen requires a detailed study which will be given in a future 
publication. 



4 Phenomenology 



We discussed the physics of the Planck scale in the previous section. We would like to 
consider the low energy physics in this section. Our model is the E(6) x SU(3) gauge theory 
with (3,27) and (3,27) multiplet. 27 of E(6) branches into SO(10) representations: 

27 = 1 + 16 + 10. (63) 

We utillize the Georgi-Glashow lepton-quark assignment [13J for 16 and we assign two SU(5) 
five dimensional Higgs to 10. We have three generations of these Higgs multiplets. Generation 
SU(3) will be completely broken at the Planck scale, due to the non-zero (A 1 ), but some 
subgroups of E(6) will remain. 

The generated superpotential will have the form 

S = C J d 2 9f (HH, A) . (64) 

We assume there is a certain mechanism to produce S even though the instanton may not 
be the one. We also assume that there is some kind of mechanism to fix the value of (A 1 ) = v* 
in the Planck scale as in the case of the instanton. 

If we expand the expression for S in 1/v we get 

S = + + 9H + ; (65) 

where O (-) terms are all non-renormalizable. 

/i is proportional to v [ye~^^ 2 in the instanton case) and g, and g are dimensionless 
constants (they are ce~ 8n 1 9 in the instanton case). 

g is the running coupling constant and it must be extremely small because is supposed 
to be in the Planck scale, g is ce- Sn2 ^ 2 ^ in the instanton case, but m 3 and m 6 (which will 
appear in the four dimensional zero point energy) should not run. 
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pA term gives the mixing of Q and Q. If Q is made high by the boundary condition 
mechanism [11], this gives a small correction to the Q mass. 

The gH term will give the quark-lepton mass directly in terms of Planck mass. We have 

S H = g H = 9 e ijk c (/i, u, P ) Qi Gfl Q{ 6u Q k 10p (66) 

where c (p, v, p) is the 16 ® 16 ® 10 Clebsh-Gordon coefficient. 
Our quark-lepton mass matrix is: 

M^^=9e ijk c(n,v,p)v k 10p (67) 

where v^ 0p = (A* ) with A^ 0p the scalar component of Q\ Qp - 

We can also check that the right handed neutrino becomes massive directly by coupling to 
the gauginos in the flat direction when u's conserve SU(3) C £g> U(l) em . We expect all the v p are 
determined by the equation (160]) or a similar one. 

It will be interesting to compare equation fl67|) with experimental results, even leaving the 
value of i>* unfixed. Similarly, we have 

MpM' 1 * = 9e iik c{l;iA,v)4, (68) 

for the three generations of Higgs. Here, p, or v stands for the ten dimensional component of 
S'O(IO). v\ is the vacuum value of the 50(10) singlet scalar component. 

It is probably worthwhile to compare our model with the usual standard or minimal super- 
symmetric standard models. 

The gauge part is more or less the same after the appropriate symmetry breaking. In the 
standard model minimization of the potential is done by adding the (p 4 term in the Lagrangean, 
adjusting the mass scale. In our case the vacuum values are given by fixing the flat direction 
through equation fl60|) . We expect this to be ~ 10 19 GeV. Low mass (< TeV) is achieved by 
extremely small QQQ coupling which may run as e~ 8w 1 9 ( A \ Of course, the running of the 
coupling should flatten out in the low energy region because the particles' masses are not very 
scale dependent experimentally. 

The minimum supersymmetric model usually allows maximum number of superpotentials 
which are consistent with renormalizability. On the other hand, we assume the potentials must 
be produced by the gauge interaction through a certain mechanism such as the instanton. 

Our renormalizable superpotential terms are H, H and A, simply due to the symmetry 
argument. Among these, H and A may not play important roles in the low energy region if 
(3, 27) are all high. All the non-renormalizable superpotential terms are suppressed by the 
inverse power of v. 

We are, therefore, left with the single term H in the low energy. The existence of a flat 
direction and its fixation is necessary in our model. 

Supersymmetry and gauge symmetry breaking 



The fact that the fifth-dimension is compact can be used to break either supersymmetry 
(Sherk-Shwartz) or gauge symmetry (a boundary condition). 
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In our gauge model bosonic physical quantities must be periodic, but they are quadratic or 
higher in the field variables. This enables us to have the fields either periodic (equation (1371) ) 
or anti-periodic (equation (l38l) ). Even a part of super or gauge multiplet can be different from 
the other part. 

There is no physical quatity which transforms as SU(3) triplet ® SU(2) doublet, thus en- 
abling the triplet Higgs to have a large mass. Quark-lepton superpartners can be treated 
similarly. 

The only condition for the case of supersymmetry is A5 < 0. If the zero point energy 
dominates A5, then the fermion part must be heavier than the boson part in total. Still, there 
will be more than one solution which can achieve this case. 

If we can measure A5, it will give a stringent restriction on the possible solutions. 

Phenomenologically, one of the most significant consequences is that the superpartners in 
the quark-lepton-Higgs sector must be as heavy as the triplet Higgs, since these are all of the 
order of 1/L where L is the size of the internal space. The triplet Higgs must be so heavy as 
to not allow the proton decay to occur frequently. 

This indicates that there is no chance we will find superparticles either by the LHC or by the 
ILC. It will be exciting, though, to find three generations of Higgs particles in these machines. 
The existence of (3, 27) in the low energy region is not totally excluded either. 

There are two paths of gauge symmetry breaking: 



The low energy physics beyond TeV region will be a competition between SU(3) x SU (2) x 
£7(1) and 577(4) if we have such (v l ) which violates SU(5) down to 577(4). 



5 Concluding Remarks 



The main achievement of this work is finding solutions to the n-dimensional Einstein equa- 
tion in which a certain extra-dimensional direction is chosen which plays the role of Euclidean 
time. We find that the warp solution of Randall and Sundrum pQ (without the 5 function 
source) is dual to the expanding universe solution with Euclidean time and Minkowski time 
playing the role of dual coordinates. 





E(6) 




5£7(3) x SU(2) x £7(1) by having no triplet Higgs 



20 



We also consider the case of A = which admits a solution of expanding vacuum with a 
shrinking internal space. In our approach the geometry of the vacuum is determined by the 
cosmological constant which in turn is determined by the vacuum energy. 

Matter must exist in a self-consistent way with geometry. Therefore, we propose a model 
in which matter (including the gauge field) lies on five dimensional spacetime with the extra 
Euclidean time. This enables most of the vacuum energy (including the zero-point energy and 
its gauge corrections) to be of the five dimensional nature. This leaves the four dimensional 
spacetime to be flat as the Randall- Sundrum warp solution suggests. Supersymmetry can be 
broken, as long as A5 < 0. 

An intering property of n-dimensional vacuum Einstein equation with A = is the existence 
of a solution in which the usual three dimensional space is expanding, but the interval space is 
shrinking. 

If we adopt this solution, we may claim that our three dimensional space started from the 
Planck size, but there emerges some mystery about the internal space. If it also starts from the 
Planck size, the current internal space size will be so small that it is essentially zero. 

If we want internal space size to be somewhat larger than the Planck length, so that we 
obtain an experimentally reachable proton lifetime, then we have to explain why the internal 
space started from a larger size. The only acceptable solution for the internal space may be 
that it stays at the Planck scale. This point should be investigated further. 

Our proposed model is based on [12]: 

£7(8) — ► SU(3) x E(6) . 

The entire matter is contained in the adjoint representation of E(8). Among these, we assume 
(3, 27) and (3, 27) (in the SU(3) x -£7(6) notation), turn into chiral multiplets. 

Matter lies on the Euclidean time ® (our spacetime). We do not allow any superpotential, 
unless it is generated by gauge interactions. 

An attractive candidate is the instanton contribution, altough other possibilities cannot be 
excluded. The advantage of the instanton contribution is that it gives a four dimensional vac- 
uum energy by violating supersymmetry in a tiny amount. 

The quark-lepton-Higgs masses are determined by fixing the flat direction in the sense of 
Affleck, Dine and Seiberg [6]. We expect that the instanton contribution (or something simi- 
lar) will establish that the flat direction parameters will be in the Planck scale, and thus, the 
quark-lepton-Higgs masses will be determined directly by the Planck mass. 

We have not made the distinction between the Planck scale and the grand unified scale p75] in 
this paper. In fact, for example, the expression for the cosmological constant v 4 exp(— 16ir 2 /g 2 (v)) 
gives more or less the same value for g 2 (v ) whether we take v to be of the Planck scale or the 
grand unified scale. g 2 (v ) is only logarithmically dependent on the scale. It is a matter of detail 
in our model to distinguish these two scales. 
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